We investigate weighted L p mean convergence of Grünwald interpolation operators based on the zeros of orthogonal polynomials with respect to a general weight and generalized Jacobi weights. We give necessary and sufficient conditions for such convergence for all continuous functions.
Introduction.
In this paper, we study weighted L p (0 < p < ∞) mean convergence of Grünwald interpolation operators which was introduced in [3] . We first consider the weighted convergence for the Grünwald interpolation operator when a general weight is used. We also consider in particular the weighted L p convergence for the Grünwald interpolation operator when a generalized Jacobi weight is used. Necessary and sufficient conditions for such convergence for a continuous function are presented. In Section 1, we briefly introduce the Hermite-Fejér interpolation and Grünwald interpolation. In Section 2, we review some known results that are closely related to the main results of this paper and will be used in our proof later. We also establish several preliminary results. In Section 3, we state and prove the main results of this paper. We first introduce the Hermite-Fejér interpolation polynomials and the Grünwald interpolation operator. Let w be a weight function of interval [−1, 1] and {P n (w, x)} the orthonormal polynomials on [−1, 1] with respect to w. Assume that we are given a system X of nodes X : x 0 ≡ x 0,n ≡ 1 ≥ x 1n > x 2n > ··· > x nn ≥ −1 ≡ x n+1,n ≡ x n+1 , n = 1, 2,....
(1.1)
The Hermite-Fejér interpolation polynomials of f ∈ C[−1, 1] at X are defined by
where
, k= 1, 2,...,n, n = 1, 2,...,
We use l kn (w, x) and H n (w,f ,x) to denote l kn (X, x) and H n (X,f ,x), respectively, when the set X is chosen to be the zeros of the orthogonal polynomial P n (w, x). For simplicity, we substitute x k for x kn . The Christoffel function is defined by
The numbers λ kn (w), defined by
..,n, n = 1, 2,..., (1.5) are called the Cotes numbers. It is well known (see [2, page 113], [9] ) that
(1.6)
If P is a polynomial of degree at most 2n − 1, then
Naturally, when 0 < p < 1, · u,p is not a norm. The function u(x) is called a Jacobi weight function if u(x) can be written as u (a,b) 
is the simple form of u (a,b) (x) .) The function u(x) is a generalized Jacobi weight function
The uniform convergence of the corresponding Grünwald interpolation was investigated by several authors [3, 6] , and L p convergence for such interpolation was studied in [5] with p = 1 only. Here, for convenience, we state the theorem which was proved in [5] .
(1.10)
Auxiliary propositions.
In this section, we obtain some preliminary results. First, we need the following notations. Here and later the symbols const and C denote some positive constants, not necessarily having the same values in different formulas. If A and B are two expressions depending on some variables and indices, then A ∼ B |AB −1 | ≤ const and |A −1 B| ≤ const. Let w be a generalized Jacobi weight function (w ∈ GJ). In the following, we summarize some results from [8] that will be useful for our development in this paper.
Assume that
Then we have
We also have the estimates for the orthonormal polynomial P n (w, x):
For the Cotes numbers, there hold
The following inequality is also needed:
and let L n be a linear positive operator. Then the following statements are equivalent:
Proof. By using the proposition in [4, 
First, by (2.6) and (2.7), we get
14)
which implies that
Next, using (2.4) and (2.5) yields
Because x j is the nearest point to x (according to the definition of x j ), we have
By using (2.14) and (2.4), we get
Further, we use (2.1) and (2.3) to obtain
For j ≤ n/2, we have k + j ≤ 3n/2, and hence
(2.23)
We estimate S i individually as follows:
that is,
(2.26)
Thus we have, for α < −1/2,
and, for α ≥ −1/2,
(2.29)
The proof for −1 + σ n −2 ≤ x ≤ 0 is similar. Finally, we get
This proves (2.12).
The proof of (2.13) is similar to that of (2.12) with a slight modification for the estimate of S 3 (0 ≤ x ≤ 1 − σ n −2 ). A direct computation leads to
Thus, we obtain, for α < 0,
and, for α ≥ 0,
Combining these two cases gives
The proof for the case −1+σ n −2 ≤ x ≤ 0 is also similar. Finally, we conclude
This proves (2.13).
Main results.
In this section, we present two results about weighted L p convergence for Grünwald interpolation with the special case in which we obtain a sufficient and necessary condition. Proof.
(1) It is easy to see that
By Hermite interpolation, we know that 
It can be shown that
(3.14)
Then,
we have I 2 → 0 (as n → ∞). Obviously, (3.16) implies (3.9). On the other hand, for I 2 , if we use (2.13) in Lemma 2.5, we can get Again we need to estimate the integral
Mathematical Problems in Engineering
Special Issue on Time-Dependent Billiards
Call for Papers
This subject has been extensively studied in the past years for one-, two-, and three-dimensional space. Additionally, such dynamical systems can exhibit a very important and still unexplained phenomenon, called as the Fermi acceleration phenomenon. Basically, the phenomenon of Fermi acceleration (FA) is a process in which a classical particle can acquire unbounded energy from collisions with a heavy moving wall. This phenomenon was originally proposed by Enrico Fermi in 1949 as a possible explanation of the origin of the large energies of the cosmic particles. His original model was then modified and considered under different approaches and using many versions. Moreover, applications of FA have been of a large broad interest in many different fields of science including plasma physics, astrophysics, atomic physics, optics, and time-dependent billiard problems and they are useful for controlling chaos in Engineering and dynamical systems exhibiting chaos (both conservative and dissipative chaos). We intend to publish in this special issue papers reporting research on time-dependent billiards. The topic includes both conservative and dissipative dynamics. Papers discussing dynamical properties, statistical and mathematical results, stability investigation of the phase space structure, the phenomenon of Fermi acceleration, conditions for having suppression of Fermi acceleration, and computational and numerical methods for exploring these structures and applications are welcome.
To be acceptable for publication in the special issue of Mathematical Problems in Engineering, papers must make significant, original, and correct contributions to one or more of the topics above mentioned. Mathematical papers regarding the topics above are also welcome.
Authors should follow the Mathematical Problems in Engineering manuscript format described at http://www .hindawi.com/journals/mpe/. Prospective authors should submit an electronic copy of their complete manuscript through the journal Manuscript Tracking System at http:// mts.hindawi.com/ according to the following timetable:
Manuscript Due December 1, 2008
First Round of Reviews March 1, 2009 
